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Characterizations of classical eggs and the classical generalized quadrangle Qð5; sÞ; s
even, are given. The egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; q even, is classical if and only
if either O is good at some element and contains at least one pseudo-conic, or O contains
at least two intersecting pseudo-conics. As application three characterizations of the
classical generalized quadrangle Qð5; sÞ; s even, are given. # 2002 Elsevier Science (USA)1. INTRODUCTION
For terminology, notation, results, etc., concerning ﬁnite generalized
quadrangles and not explicitly given here, see the monograph of Payne and
Thas [9] denoted by FGQ.
Let S ¼ ðP ;B; IÞ be a (ﬁnite) generalized quadrangle (GQ) of order
ðs; tÞ; s51; t51: So S has v ¼ jP j ¼ ð1þ sÞð1þ stÞ points and b ¼ jBj ¼
ð1þ tÞð1þ stÞ lines. If s=1=t; then t4s2 and, dually, s4t2; also sþ t
divides stð1þ sÞð1þ tÞ:
There is a point-line duality for GQ (of order ðs; tÞ) for which in
any deﬁnition or theorem the words ‘‘point’’ and ‘‘line’’ are interchanged
and the parameters s and t are interchanged. Normally, we assume without
further notice that the dual of a given theorem or deﬁnition has also been
given.
Given two (not necessarily distinct) points x; x0 of S; we write x x0 and
say that x and x0 are collinear, provided that there is some line L for which
x I L I x0; hence, x/ x0 means that x and x0 are not collinear. Dually, for
L; L0 2 B; we write LL0 or L/L0 according to whether L and L0 are
concurrent or nonconcurrent. The line incident with distinct collinear points
x and x0 is denoted by xx0; and the point incident with distinct concurrent
lines L and L0 is denoted either by LL0 or L\ L0:40
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TRANSLATION GENERALIZED QUADRANGLES 41For x 2 P put x? ¼ fx0 2 P jj x x0g; and note that x 2 x?; for A P put
A? ¼
T
fx? jj x 2 Ag:
2. REGULARITY, 3-REGULARITY AND PROPERTY (G)
Let S ¼ ðP ;B; IÞ be a ﬁnite GQ of order ðs; tÞ: If xx0; x=x0; or if x/ x0
and jfx; x0g??j ¼ t þ 1; where x; x0 2 P ; we say the pair fx; x0g is regular. The
point x is regular provided fx; x0g is regular for all x0 2 P ; x0=x: Regularity
for lines is deﬁned dually.
If s2 ¼ t > 1; then jfx; y; zg?j ¼ sþ 1 for any triple fx; y; zg of pairwise
noncollinear points; see 1.2.4 of FGQ. Evidently, jfx; y; zg??j4sþ 1: We say
fx; y; zg is 3-regular provided jfx; y; zg??j ¼ sþ 1: The point x is 3-regular if
and only if each triple fx; y; zg of pairwise noncollinear points is 3-regular.
Theorem 2.1 (Thas [11]). ðiÞ Let S be a GQ of order ðs; s2Þ; s > 1; with s
odd. Then S is isomorphic to the GQ Qð5; sÞ; arising from a nonsingular
elliptic quadric in PGð5; sÞ if and only if it has a 3-regular point.
ðiiÞ Let S be a GQ of order ðs; s2Þ with s even. Then Sﬃ Qð5; sÞ if and only
if one of the following holds:
ðaÞ all points of S are 3-regular;
ðbÞ S has at least one 3-regular point not incident with some regular line.
Remark. Mazzocca [7] proved the following result: a GQ S of order
ðs; s2Þ; s=1 and s odd, is isomorphic to Qð5; sÞ if and only if each point ofS
is 3-regular.
Let S ¼ ðP ;B; IÞ be a GQ of order ðs; s2Þ; s=1: Let x1; y1 be distinct
collinear points. We say that the pair fx1; y1g has Property (G), or that S
has Property (G) at fx1; y1g; if every triple fx1; x2; x3g of points, with x1; x2; x3
pairwise noncollinear and y1 2 fx1; x2; x3g
?; is 3-regular. The GQ S has
Property ðGÞ at the line L; or the line L has Property (G), if each pair of
points fx; yg; x=y and x I L I y; has Property (G). If ðx;LÞ is a ﬂag, that is,
if x I L; then we say that S has Property (G) at ðx;LÞ; or that ðx; LÞ has
Property (G), if every pair fx; yg; x=y and y I L; has Property (G). It is clear
that the point x is 3-regular if and only if ðx; LÞ has Property (G) for each line
L incident with x:
3. PROPERTY (G) AND FLOCK GENERALIZED QUADRANGLES
Let F be a ﬂock of the quadratic cone K with vertex x of PGð3; qÞ; that is,
a partition of K  fxg into q disjoint irreducible conics. Then, by Thas [12],
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shown that SðF Þ satisﬁes Property (G) at its point ð1Þ:
Theorem 3.1 (Thas [16]). A GQ S ¼ ðP ;B; IÞ of order ðq; q2Þ; q odd and
q=1; satisfies Property ðGÞ at some flag ðx;LÞ if and only if S is the dual of a
flock GQ:
Remark. In Thas [16] also several strong results for q even are proved. It
follows that Theorem 3.1 also holds for q 2 f2; 4; 16g: Further, it is
conjectured that a GQ of order ðq; q2Þ; q even, satisﬁes Property (G) at
some line L if and only if S is the dual of a ﬂock GQ.
4. TRANSLATION GENERALIZED QUADRANGLES AND EGGS
Let S ¼ ðP ;B; IÞ be a GQ of order ðs; tÞ; s=1; t=1: A collineation y of
S is an elation about the point p if y ¼ id or if y ﬁxes all lines incident with
p and ﬁxes no point of P  p?: If there is a group H of elations about p
acting regularly on P  p?; we say that S is an elation generalized
quadrangle (EGQ) with elation group H and base point p. Brieﬂy, we say that
ðSðpÞ;H Þ or SðpÞ is an EGQ. If the group H is abelian, then we say that the
EGQ ðSðpÞ;H Þ is a translation generalized quadrangle (TGQ). For any TGQ
SðpÞ the point p is coregular, that is, each line incident with p is regular.
Hence, the parameters s and t of a TGQ satisfy s4t; see 8.2 of FGQ. Also,
by 8.5.2 of FGQ, for any TGQ with s=t we have s ¼ qa and t ¼ qaþ1; with q
a prime power and a an odd integer; if s (or t) is even, then by 8.6.1(iv) of
FGQ either s ¼ t or s2 ¼ t:
In PGð2nþ m 1; qÞ consider a set Oðn;m; qÞ of qm þ 1 ðn 1Þ-dimen-
sional subspaces PGð0Þðn 1; qÞ;PGð1Þðn 1; qÞ; . . . ;PGðq
mÞðn 1; qÞ; every
three of which generate a PGð3n 1; qÞ and such that each element
PGðiÞðn 1; qÞ of Oðn;m; qÞ is contained in a PGðiÞðnþ m 1; qÞ having
no point in common with any PGðjÞðn 1; qÞ for j=i: It is easy to check
that PGðiÞðnþ m 1; qÞ is uniquely determined, i ¼ 0; 1; . . . ; qm: The
space PGðiÞðnþ m 1; qÞ is called the tangent space of Oðn;m; qÞ at
PGðiÞðn 1; qÞ: For n ¼ m such a set Oðn; n; qÞ is called a pseudo-oval or a
generalized oval or an ½n 1-oval of PGð3n 1; qÞ; a generalized oval of
PGð2; qÞ is just an oval of PGð2; qÞ: For n=m such a set Oðn;m; qÞ is called
a pseudo-ovoid or a generalized ovoid or an ½n 1-ovoid or an egg of
PGð2nþ m 1; qÞ; a ½0-ovoid of PGð3; qÞ is just an ovoid of PGð3; qÞ:
Now embed PGð2nþ m 1; qÞ in a PGð2nþ m; qÞ; and construct a point-
line geometry T ðn;m; qÞ as follows.
Points are of three types:
ðiÞ the points of PGð2nþ m; qÞ  PGð2nþ m 1; qÞ;
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sect PGð2nþ m 1; qÞ in one of the PGðiÞðnþ m 1; qÞ;
ðiiiÞ the symbol ð1Þ:
Lines are of two types:
ðaÞ the n-dimensional subspaces of PGð2nþ m; qÞ which intersect
PGð2nþ m 1; qÞ in a PGðiÞðn 1; qÞ;
ðbÞ the elements of Oðn;m; qÞ:
Incidence in T ðn;m; qÞ is deﬁned as follows. A point of type (i) is incident
only with lines of type (a); here the incidence is that of PGð2nþ m; qÞ:
A point of type (ii) is incident with all lines of type (a) contained in it and
with the unique element of Oðn;m; qÞ contained in it. The point ð1Þ is
incident with no line of type (a) and with all lines of type (b).
Remark. Some authors also use the term egg for any Oðn;m; qÞ:
Theorem 4.1 (Payne and Thas [9, 8.7.1]). The incidence geometry
T ðn;m; qÞ is a TGQ of order ðqn; qmÞ with base point (1). Conversely, every
TGQ is isomorphic to a T ðn;m; qÞ: It follows that the theory of TGQ is
equivalent to the theory of the sets Oðn;m; qÞ:
Corollary 4.2. The following hold for any Oðn;m; qÞ:
ðiÞ either n ¼ m or nðaþ 1Þ ¼ ma with a odd;
ðiiÞ if q is even, then either n ¼ m or m ¼ 2n:
Let Oðn; 2n; qÞ be an egg of PGð4n 1; qÞ: By 8.7.2 of FGQ the
q2n þ 1 tangent spaces of O form an On ¼ Onðn; 2n; qÞ in the dual space of
PGð4n 1; qÞ: So in addition to T ðn; 2n; qÞ ¼ T ðOÞ there arises a TGQ T ðOnÞ
with the same parameters. The TGQ T ðOnÞ is called the translation dual of
the TGQ T ðOÞ: Examples are known for which T ðOÞ ﬃ T ðOnÞ; and examples
are known for which T ðOÞ ﬃ6 T ðOnÞ; see Thas [13].
In the extension PGð2nþ m 1; qnÞ of PGð2nþ m 1; qÞ; with m 2 fn; 2ng;
we consider n ðmn þ 1Þ-dimensional spaces PG
ðiÞðmn þ 1; q
nÞ ¼ pi; with i ¼ 1;
2; . . . ; n; which are conjugate with respect to the extension GFðqnÞ of GFðqÞ
and which span PGð2nþ m 1; qnÞ: In p1; we now consider an oval O1 for




1 ; . . . ; x
ð1Þ
qm g: Further,
let xð1Þi ; x
ð2Þ
i ; . . . ; x
ðnÞ
i ; with i ¼ 0; 1; . . . ; q
m; be conjugate with respect to the
extension GFðqnÞ of GFðqÞ: The points xð1Þi ; x
ð2Þ
i ; . . . ; x
ðnÞ
i deﬁne an ðn 1Þ-
dimensional space PGðiÞðn 1; qÞ over GFðqÞ: Then fPGð0Þðn 1; qÞ;
PGð1Þðn 1; qÞ; . . . ;PGðq
mÞðn 1; qÞg is a generalized oval of PGð3n 1; qÞ
for m ¼ n; and a generalized ovoid of PGð4n 1; qÞ for m ¼ 2n: Here, we
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m ¼ n; any known ½n 1-oval is regular, for m ¼ 2n and q even any known
½n 1-ovoid is regular, but for m ¼ 2n and q odd there are ½n 1-ovoids
which are not regular; see Thas [14]. A regular pseudo-oval for which O1 is a
conic is called either a pseudo-conic or a classical pseudo-oval, and a regular
pseudo-ovoid for which O1 is an elliptic quadric is called a pseudo-quadric or
a classical pseudo-ovoid or a classical egg.
5. GOOD EGGS
The egg Oðn; 2n; qÞ ¼ O is good at its element PGðiÞðn 1; qÞ if any
PGð3n 1; qÞ containing PGðiÞðn 1; qÞ and at least two other elements of
Oðn; 2n; qÞ contains exactly qn þ 1 elements of Oðn; 2n; qÞ:
Theorem 5.1 (Thas [13]). The egg Oðn; 2n; qÞ ¼ O is good at its
element PGðiÞðn 1; qÞ ¼ xi if and only if the translation dual T ðOnÞ of the
TGQ T ðOÞ satisfies Property ðGÞ at the flag ðð1Þ; tiÞ; with ti the tangent
space of O at xi:
Corollary 5.2. If the egg Oðn; 2n; qÞ ¼ O; q odd, is good at its element
PGðiÞðn 1; qÞ ¼ xi; then T ðOnÞ is the point-line dual of a flock GQ with base
point ti; with ti the tangent space of O at xi:
Proof. From Theorems 3.1 and 5.1. ]
Remark. If the egg Oðn; 2n; qÞ ¼ O; q odd, and its dual On are both good
at one of their elements, then the corresponding ﬂock is a Kantor ﬂock; see
Thas and Van Maldeghem [19] and Bader et al. [1].
Theorem 5.3 (Thas [13]). If the egg Oðn; 2n; qÞ ¼ O; q odd, is good at one
of its elements, then the TGQ T ðOÞ contains at least q3n þ q2n subquadrangles
of order qn; all isomorphic to the classical GQ Qð4; qnÞ:
Remark. If the egg Oðn; 2n; qÞ ¼ O; q odd, is good at one of its elements
xi; then O contains q2n þ qn pseudo-conics containing xi:
Theorem 5.4 (Thas [13]). If the egg Oðn; 2n; qÞ ¼ O; q even, is good at
one of its elements xi; then the dual On of O is good at the tangent space of O
at xi:
Theorem 5.5 (Johnson [6]). If the TGQ T ðOÞ of order ðs; s2Þ; with s even,
is the dual of a flock GQ; then T ðOÞ ﬃ Qð5; sÞ:
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the dual of a ﬂock GQ, then, by Payne [8] and Johnson [6], the ﬂock is a
semiﬁeld ﬂock; further, for s even, Johnson [6] proves that such a ﬂock is
linear and so T ðOÞ ﬃ Qð5; sÞ:
6. CHARACTERIZATIONS OF CLASSICAL EGGS FOR q EVEN
Theorem 6.1. The egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; with q even, is
classical if and only if O is good at some element and contains at least one
pseudo-conic.
Proof. Assume that the egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ is classical.
Then O is good at any of its elements, and further O contains q3n þ qn
pseudo-conics.
Conversely, assume that the egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; q even,
contains at least one pseudo-conic and is good at some element. Let O ¼
fPGðn 1; qÞ;PGð1Þðn 1; qÞ; . . . ;PGðq
2nÞðn 1; qÞg; assume that O is good at
PGðn 1; qÞ; and let C be a pseudo-conic on O; by Theorem 5.4 the dual On
of the egg O is also good at the tangent space of O at PGðn 1; qÞ:
Assume that PGðiÞðn 1; qÞ =2 C; with i 2 f1; 2; . . . ; q2ng: The tangent space
of O at PGðiÞðn 1; qÞ is denoted by PGðiÞð3n 1; qÞ: Let C be contained in
PGð3n 1; qÞ0 ¼ p and put PGð2n 1; qÞ ¼ PGðiÞð3n 1; qÞ \ p: Then
PGð2n 1; qÞ has no point in common with the union of the qn þ 1
elements of C: Dualizing in p; there arises an ðn 1Þ-dimensional space
PGnðn 1; qÞ having no point in common with the union of the qn þ 1
elements of a dual pseudo-conic C n in p ðC n consists of qn þ 1 ð2n 1Þ-
dimensional spaces and arises from a dual conic in a PGð2; qnÞ; similarly as a
pseudo-conic arises from a conic in a PGð2; qnÞÞ: Now embed p in a 3n-
dimensional space PGð3n; qÞ and embed PGnðn 1; qÞ in an n-dimensional
space PGðn; qÞ  PGð3n; qÞ; with PGðn; qÞ 6 p: Considering AGð3; qnÞ as
an AGð3n; qÞ; and identifying AGð3n; qÞ with PGð3n; qÞ  p; we obtain
the following geometrical structure in the projective completion PGð3; qnÞ of
AGð3; qnÞ: With C n corresponds a dual conic %C in the plane PGð2; qnÞ ¼
PGð3; qnÞ AGð3; qnÞ and with PGðn; qÞ  PGnðn 1; qÞ corresponds a
set F n of size qn in AGð3; qnÞ with the property that the line of PGð3; qnÞ
joining any two distinct points of F n has no point in common with the union
of the elements of %C: Dualizing in PGð3; qnÞ; with the elements of %C
correspond the generators of a quadratic cone K and with the points of F n
correspond qn planes which intersect K in the conics of a ﬂock F : As F n
corresponds with an afﬁne space AGðn; qÞ ¼ PGðn; qÞ  PGnðn 1; qÞ; the
ﬂock F is a semiﬁeld ﬂock; see also Johnson [6] and Thas [15]. By Johnson
[6], this ﬂock F is linear, so the planes of the elements of F have a line in
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ðn 1Þ-spread of p deﬁned by C n (which induces ðn 1Þ-spreads in the
elements of C n), so PGð2n 1; qÞ contains qn þ 1 elements of the regular
ðn 1Þ-spread S of p which contains the elements of C:
Let Z be a ð3n 1Þ-dimensional subspace of PGð4n 1; qÞ which is skew
to PGðn 1; qÞ: Let PGð3n 1; qÞ be the tangent space of O at PGðn 1; qÞ;
let hPGðn 1; qÞ;PGðiÞðn 1; qÞi \ Z ¼ Zi; with i ¼ 1; 2; . . . ; q
2n; and let
z0; z1; . . . ; zqn be the intersections of Z with the tangent spaces at PGðn 1; qÞ
of the respective pseudo-ovals on O containing PGðn 1; qÞ: Then
fz0; z1; . . . ; zqn ; Z1; Z2; . . . ; Zq2ng is a regular ðn 1Þ-spread %S of Z; see Thas
[13, 14]. If C contains PGðn 1; qÞ; then take for Z a ð3n 1Þ-dimensional
space containing PGð2n 1; qÞ; if C does not contain PGðn 1; qÞ; then take
for Z the space generated by the elements of C (in such a case S ¼ %SÞ: If
PGð2n 1; qÞ 6 PGð3n 1; qÞ; then it is clear that x ¼ PGð3n 1; qÞ \
PGð2n 1; qÞ belongs to %S: As the restriction of S to PGð2n 1; qÞ coincides
with the restriction of %S to PGð2n 1; qÞ; this space x also belongs to S:
Let T ðOÞ be the TGQ deﬁned by the egg O; and let d be a 3n-dimensional
space in the PGð4n; qÞ containing T ðOÞ; where d contains the tangent space
PGð3n 1; qÞ but is not contained in PGð4n 1; qÞ: Now consider the afﬁne
space Sdð1Þ ¼ AGð3; qnÞ deﬁned by the points d and ð1Þ of T ðOÞ;
see Thas [13] (remark that, as q is even, T ðOÞ satisﬁes Property (G) at
ðð1Þ;PGðn 1; qÞÞ and T ðOnÞ; with On the dual of O; satisﬁes Property
(G) at ðð1Þ;PGð3n 1; qÞÞÞ: The points of Sdð1Þ are the points of
d PGð3n 1; qÞ: Let z be a point of type (i) of T ðOÞ; which is not collinear
with the point d of T ðOÞ: Let g be the point of the line PGðn 1; qÞ of T ðOÞ;
which is collinear with z: Then ðfz; dg?  gÞ [1 ¼ Oz; with1 the point at
inﬁnity of AGð3; qnÞ deﬁned by the lines of T ðOÞ incident with d; is an ovoid
of the projective completion PGð3; qnÞ of AGð3; qnÞ; see Thas [16].
The lines of AGð3; qnÞ whose projective completions do not contain the
point 1; are of the form fð1Þ; u1; u2g
??  fð1Þg; with u1 and u2
noncollinear points of type (i) of T ðOÞ which are collinear with d: So such
a line of AGð3; qnÞ is of the form PGðn; qÞ  PGð3n 1; qÞ; where PGðn; qÞ \
PGð3n 1; qÞ is an element of the ðn 1Þ-spread S n of PGð3n 1; qÞ arising
from the goodness of On (the dual of O) at PGð3n 1; qÞ (each element of
S n  fPGðn 1; qÞg is contained in qn þ 1 tangent spaces of O). The points
of PGð3; qnÞ AGð3; qnÞ can be identiﬁed with the elements of S n; in this
way the point 1 is identiﬁed with PGðn 1; qÞ:
Let u be a point of PGð3n 1; qÞ \ p; which does not belong to
PGðn 1; qÞ: Let u be contained in the tangent space PGðiÞð3n 1; qÞ of
O at PGðiÞðn 1; qÞ; with PGðiÞðn 1; qÞ =2 C and PGðiÞð3n 1; qÞ\
p=PGð3n 1; qÞ \ p: If x ¼ PGð3n 1; qÞ \ p\ PGðiÞð3n 1; qÞ; then, by
a previous paragraph we have x 2 S: So x is contained in the tangent space of
O at some element of C and hence x 2 S n: If u is contained in the qn þ 1
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of S containing u is the intersection of the qn þ 1 tangent spaces of C; so is
also the element of S n containing u: It follows that S and S n induce a
common ðn 1Þ-spread *S in PGð3n 1; qÞ \ p:
The set ððhz;pi \ dÞ  PGð3n 1; qÞÞ [ *S is a subplane PGð2; qnÞ of
PGð3; qnÞ: An isomorphism from the projective plane b over GFðqnÞ deﬁned
by the spread S onto PGð2; qnÞ is obtained by intersecting d with the
n-dimensional spaces spanned by z and the elements of S: The image of C
under this isomorphism is PGð2; qnÞ \ Oz ¼ *C; and so the ovoid Oz contains
a conic *C: Now, by a beautiful result of Brown [4], Oz is an elliptic quadric.
As Oz is an elliptic quadric, Theorem 7.3.5 of Thas [16] tells us that T ðOÞ is
isomorphic to the point–line dual of a ﬂock GQ. Now by Johnson [6], see
Theorem 5.5 of Section 5, we have T ðOÞ ﬃ Qð5; qnÞ: By 8.7.4 of FGQ the egg
O is good at each of its elements. Now by Thas [10] the egg O is a regular
pseudo-ovoid, and as T ðOÞ is classical the regular pseudo-ovoid is
classical. ]
Remark. Consider an egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; with
q odd, which is good at some element PGðn 1; qÞ: By Thas [13], O contains
q2n þ qn pseudo-conics containing PGðn 1; qÞ: Assume that there is a
PGð3n 1; qÞ; not through PGðn 1; qÞ; which contains qn þ 1 elements
of O: Then the egg O is classical; see Brown and Thas [5]. Crucial in the
proof is the connection, described in Thas [14], between eggs Oðn; 2n; qÞ;
q odd, which are good at some element and quadric Veroneseans V42:
Theorem 6.2. The egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; with q even, is
classical if and only if O contains at least two intersecting pseudo-conics.
Proof. Assume that the egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ is classical.
Then O contains q3n þ qn pseudo-conics.
Conversely, assume that the egg Oðn; 2n; qÞ ¼ O of PGð4n 1; qÞ; q even,
contains at least two pseudo-conics C1 and C2; with C1 \ C2=|: Let T ðOÞ be
the TGQ deﬁned by O and let PGð4n; qÞ be the projective space containing
T ðOÞ: If Ci is contained in PGðiÞð3n 1; qÞ; i ¼ 1; 2; and if PGð1Þð3n; qÞ
contains PGð1Þð3n 1; qÞ; but is not contained in PGð4n 1; qÞ; then T ðOÞ
induces a TGQ T ðC1Þ of order qn in PG
ð1Þð3n; qÞ; also, as C1 is a pseudo-
conic, this GQ T ðC1Þ is isomorphic to the classical GQ Qð4; qnÞ:
Let z be a point of T ðOÞ which does not belong to T ðC1Þ: By 2.2 of FGQ
the point z subtends an ovoid Oz of T ðC1Þ ﬃ Qð4; qnÞ:
Let Si be the regular ðn 1Þ-spread of PGðiÞð3n 1; qÞ to which the qn þ 1
elements of Ci belong, i ¼ 1; 2: If x is an element of O Ci and if t is
the tangent space of O at x; then, as in the proof of Theorem 6.1, one
shows that Si induces an ðn 1Þ-spread in the ð2n 1Þ-dimensional
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PGð2Þð3n 1; qÞ: Then Si induces an ðn 1Þ-spread in PGð2n 1; qÞ;
i ¼ 1; 2: Let u be a point of PGð2n 1; qÞ not contained in an element of
C1 [ C2: First suppose that u is neither contained in the qn þ 1 tangent
spaces of C1; nor in the qn þ 1 tangent spaces of C2: Then u belongs to the
tangent space j of O at an element not in C1 [ C2; and so j\ PGð2n 1; qÞ
is an element of Si; i ¼ 1; 2: Next, assume that u belongs to the qn þ 1
tangent spaces of either C1 or C2; say C1: Then PGð2n 1; qÞ is tangent to Ci
at C1 \ C2; i ¼ 1; 2: The qn þ 1 tangent spaces of C1 have an ðn 1Þ-
dimensional space r in common, which contains u and belongs to S1:
If j is the tangent space of O at an element of C1 not in C2; then
j\PGð2n 1; qÞ ¼ r belongs to Si; i ¼ 1; 2: It follows that S1 and S2 induce
a common ðn 1Þ-spread S in PGð2n 1; qÞ:
First assume that z is a point of type (i) of T ðOÞ: Let PGð1Þð3; qnÞ be the
projective space deﬁned by S1 and PG
ð1Þð3n; qÞ  PGð1Þð3n 1; qÞ: The set
ððhz;PGð2Þð3n 1; qÞi \ PGð1Þð3n; qÞÞ  PGð2n 1; qÞÞ [ S is a subplane
PGð2; qnÞ of PGð3; qnÞ: An isomorphism from the projective plane b over
GFðqnÞ deﬁned by the spread S2 onto PGð2; qnÞ is obtained by intersecting
PGð1Þð3n; qÞ with the n-dimensional spaces spanned by z and the elements of
S2: The image of C2 under this isomorphism is *C
0
2; with the tangent space *a
of C2 at a 2 C1 \ C2 corresponds the space hz; *ai \ PGð1Þð3n; qÞ ¼ an:
In *C
0
2 we now replace each element a of C1 \ C2 ¼ C1 \ *C
0
2 by the
space hg; zi \ PGð1Þð3n; qÞ; with g the tangent space of O at a: Then the
resulting set *C2 is a subset of size qn þ 1 of the ovoid Oz of T ðC1Þ: Now we
identify T ðC1Þ and Qð4; qnÞ: For jC1 \ C2j ¼ 2; the set *C2 is a conic on
Qð4; qnÞ; for jC1 \ C2j ¼ 1 the set *C2 contains at least q points of a conic on
Qð4; qnÞ: By projection of Qð4; qnÞ from the nucleus k of Qð4; qnÞ onto a
PGnð3; qnÞ  PGð4; qnÞ; with Qð4; qnÞ  PGð4; qnÞ and k =2 PGð3; qnÞ there
arises an ovoid Onz of PG
nð3; qnÞ containing at least q points of a conic. Then,
by theorems of Brown [3, 4], either Onz is an elliptic quadric or q ¼ 2; n ¼ 3
and Onz is a Tits ovoid. Hence, either Oz is an elliptic quadric of Qð4; q
nÞ or
Oz is an ovoid of Tits type on Qð4; 8Þ:
Next, assume that z is a point of type (ii) of T ðOÞ: Then z is a 3n-
dimensional subspace d of PGð4n; qÞ which contains a tangent space of O at
some element of O C1: In such a case, Oz consists of the point ð1Þ of type
(iii) together with the q2n points of ðPGð1Þð3n; qÞ \ dÞ  PGð1Þð3n 1; qÞ: As
S1 induces an ðn 1Þ-spread in d\ PGð1Þð3n 1; qÞ; this ovoid Oz is an
elliptic quadric of Qð4; qnÞ:
From the foregoing it follows that all subtended ovoids in T ðC1Þ are either
classical or of Tits type (if the ovoid is of Tits type, then necessarily qn ¼ 8).
Then, by Thas and Payne [18] and Brown [2], the GQ T ðOÞ is isomorphic to
Qð5; qnÞ: Now, as in the proof of Theorem 6.1, one shows that the egg O is
classical. ]
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Theorem 7.1. Let S be a flock GQ of order ðs2; sÞ; s even, whose
point–line dual is a TGQ with translation point ð1Þ: If S admits a classical
subquadrangle of order s which contains the line ð1Þ; then S is classical.
Proof. The point–line dual of S is a GQ T ðOÞ; with O ¼ Oðn; 2n; qÞ an
egg in PGð4n 1; qÞ; where s ¼ qn; let ð1Þ be the translation point of T ðOÞ:
AsS is a ﬂock GQ, the egg O is good at some element. The GQS contains
a subquadrangle of order s through ð1Þ; and so the corresponding
subquadrangleS0 of T ðOÞ contains the point ð1Þ of T ðOÞ: SoS0 is a T ðO 0Þ;
with O 0 a pseudo-oval contained in O; the set O 0 consists of the lines of S0
incident with the point ð1Þ: As S0 is classical, by the proof of Lemma 4.3.5
of Thas [13], O 0 is a pseudo-conic. Now, by Theorem 6.1, the GQ T ðOÞ is
classical, so S is classical. ]
Theorem 7.2. Let S be a TGQ of order ðs; s2Þ; s even. If S admits two
classical subquadrangles of order s, which share a lines, 05a5sþ 1 incident
with ð1Þ; then S is classical.
Proof. Such as in the proof of Theorem 7.1 we obtain S0 ¼ T ðO 0Þ and
S00 ¼ T ðO 00Þ; with O 0 and O 00 pseudo-conics on O: As S0 and S00 share
a lines, with 05a5sþ 1; incident with ð1Þ; we have O 0=O 00 and
O 0 \ O 00=f: Now, by Theorem 6.2, the GQ S is classical. ]
Remark. In Thas [17] several characterizations of TGQ of order ðs; s2Þ; s
even, are given. Combining these theorems with the foregoing results, new
interesting characterizations of the classical GQ Qð5; sÞ are obtained. We
give one example.
Theorem 7.3. Let S be a GQ of order ðs; s2Þ; s even, satisfying
Property ðGÞ at the line L. If L is incident with some coregular point x and if
S contains a classical subquadrangle of order s containing x, thenS is classical.
Proof. This follows from Corollary 5.6 of Thas [17] and
Theorem 7.1. ]
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